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1 Preliminary Work

1.1 Intuitive idea of limits

U Deriv. DrH Exercise 1
Read the limits from the graph of the function f re-
presented below
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7. hn}’ flx) =

fﬁ Rule of thumb for Limits

Limits are what they should be, meaning you can
tell right away what they are, unless one of the fol-

. . . .n0n noon
lowing inderterminate forms appears : "g", "2",
"OO _ OO", uOO " al’ld n 1oon.

IIOH

where for example "§" means that the limit of the nu-
merator is 0 and the 11m1t of the denominator is 0 (Do
not let the notation mislead you : they are NOT equal
to 0, they approach 0).

Interestingly enough, when there is an indeterminate
form, anything could happen : maybe the limit does
not exist, maybe it does but in that case it could be
any number.

r\ ! 7/ . . . .
~@Surviving indeterminate forms

In order to deal with the indeterminate forms, you
will usually need to factorise then simplify the ex-
pression ...
form.

until it no longer is an indeterminate
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J Deriv. DrH Exercise 2

1. lim x%=

X—+00

2. lim x*-1=...
X——00
1+x

3. lim =...
x_)02 3x

4. lim L= .

x—0+ %
1
5. lim - =..
x—0- %
3x—4x° _
==

6. lim
x—0

O Deriv. DrH Exercise 3

1. lim x®2+3=...
X—+00

2. lim x*-5x=...
X—+00
3. lim x®2-5x=...

X——00

[ Deriv. DrH Exercise 4 Evaluate lirr;
X—

U Deriv. DrH Exercise 5 Evaluate lim
P

J Deriv. DrH Exercise 6

x=1 _
L lim i =

: 2x°—x-10
5. lim &—2-— =
x—2.5 2X75

O Deriv. DrH Exercise 7

x -9 _
1. h_rg 3 =

2x°—x—6 _
6. chl_rg —ox+d

U] Deriv. DrH Exercise 8 Let f(x) =
1. Find the derivative of f
2. Sketch the graph of f
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4x*-49
2x=7 °
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x3+27
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Find lim f(x)
X—+00
Find lim f(x)
X——00
Find lim f(x)
x—=5*
Find lim f(x)
Xx—=5"
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Ll Deriv. DrH Exercise 9 Let f(x) =7+ ﬁ
1. Find the derivative of f

Sketch the graph of f
Find lim f(x)

X—+00
Find lim f(x)

X——00
Find lim f(x)

x—3*
Find lim f(x)

x—3"
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J Deriv. DrH Exercise 10

Read the required 1 ,
values from the
graph of the func- — - - : 5 T
tion f represen- / h\
ted on the right. / ! /
1. f(l) = ... -2
2. ') ~... / /
-3
3. f@Q)~=..
4. '@ =~.. -4
| -5

1.2 What if there is something other than x in
the function?

[l Deriv. DrH Exercise 11 What if there is something
other than x in the function ?

Let f(x) = £4.

Sally says that f (1) = — f(x) and Tara says that this is
completely wrong. Who is right? Give reasons (I mean

a mathematical reason, not « Tara is usually right » :-).

2 Differenciating from First Prin-
ciples
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@ "Differenciate using First Principles" ...
... means using the definition of the derivative, i.e.,
the limit of the rate of change :

If the limit limy,_ w exists, then the func-

tion f is differentiable at x and the derivative at x
is equal to the above limit, i.e.

fx+h) - f(x)
h

/ T
w=ln

3 Differentiating powers

Ll Deriv. DrH Exercise 12
Find the derivative of the following functions.
1. fi(x)=x"Vx.

2. folx) =

&ﬁm:%.

Ul Deriv. DrH Exercise 13
Let f be the function defined for all x by f(x) = x*
1. Find the derivative of f.

2. Prove that the function ’looks like the square
function’ meaning that

a. itis decreasing for x <0
b. itisincreasing for x >0

c. and it has a horizontal tangent for x = 0.

Ul Deriv. DrH Exercise 14
Let f be the function 'cube root’ defined for all x > 0

by f(x) = V/x
1. Find the derivative of f and rewrite it without
indices.

2. Prove that the function 'cube root’ is increasing
on its domain.

4 Chain Rule

U] Deriv. DrH Exercise 15 Let f be the function de-
fined for all x > 0 by f(x) = (ﬁ)s. The goal of this
exercise is to find the derivative of f using different
methods.

1. Find the derivative of f using the formula for
differentiating a power of x. First rewrite f(x) =
x*with a =....

2. Find the derivative of f using the Chain rule.
First rewrite f(x) = wWwithu=...

3. Find the derivative of f using the Chain rule.
First rewrite f(x) = Vuwith u=....

0 Deriv. DrH Exercise 16 Let u be the function de-
fined by u(x) = —2x? + 8x +42. Let f be the function
defined by f(x) = Vu(x).

1. Natural domain of f :
a. Write u(x) in a factorised form.
b. What is the natural domain of f?

2. Find the x-coordinate of any point where the
tangent to the graph of f is horizontal.
Ul Deriv. DrH Exercise 17  Find the derivative of

f(x):L

(2x+5)°



5 Productrule

[l Deriv. DrH Exercise 18 Let f be the function de-
fined by f (x) = -3xv1—4x.

1. Find the natural domain of f.

2. Differentiate f.

3. Find the point(s) where the tangent to the graph
of f is horizontal.

6 Quotientrule

7 Differentiability

U Deriv. DrH Exercise 19 Let f be the function de-

(x—2)% ifx<3
fined b X) =
v I {2—(x—4)2 ifx>3

1. Sketch the graph of f.
2. Is f continuous at x = 3?
3. Is f differentiable at x = 3?

8 Tangent, Normal

[l Deriv. DrH Exercise 20 Is it possible to chose p
such that the tangent to y = 3x> + px + 7 at the point
with x-coordinate equal to 2 is parallel to the straight
line ¢ with equation 5x—y+8=0?

In case you were wondering, this was written using
WTEX (free software for beautiful documents).




ANSWERS

Solution of Deriv. DrH Exercise 1 . L f(X)=7+5=7+(x-3)" 150 its derivative is
F0)=0-1x =32 x 1= -G
Solution of Deriv. DrH Exercise 2. 2. Graphof f
|
11
Solution of Deriv. DrH Exercise 3. o x=3 \\
9
Solution of Deriv. DrH Exercise 4. fa) = T .
4x2-49 4x2-49 _ 57 z— —
S —2x+7so)lcin} v =25;+7=14 . . —
2 B 6
Solution of Deriv. DrH Exercise 5 . ° \
B+27 _ _ x?-3x+9 ©+27 _ _(=3°-3(=3)+9 _ _9 4
o =~ =3~ SO th3 9-x2 ~ 3.3 2 5 \‘
2

Solution of Deriv. DrH Exercise 6 . ;

. . . % 5 4 3 2 1 [0 1 2 4 5 6 7 8 9
Solution of Deriv. DrH Exercise 7 . ) ‘ :
3. lim f(x)=
1. lim£=2 = roroo
x—3 ¥t3 " 4, lim f(x)=
. 2 g X——00
2. xlrrr_r3 == 5. As x approaches 3 from the right, f(x) becomes
. Bo7 infinitely large in absolute value (and positive)
3. }31113 3x-9 so the limit is +oo. hn}; f(x) =400
s
4. lim ’gsx__zg =.. 6. As x approaches 3 from the left, f(x) becomes
x:28 - s_g infinitely large (and negative) so the limit is —co.
X — x +2x+ X —o _ .
5. 3576="35 solimg=5=8 lim f(x)=-
x—3
2 6 _ _2x+3 i 2x2—x-6 _ _ 7
6. Simplify : xzx)fr4 ==-557"50 }CLH% Sl =732 Solution of Deriv. DrH Exercise 10.
Solution of Deriv. DrH Exercise 8. Solutionlof Deriv. DrH Exercise 11 .
1 f(2) = =l _ Lex (yltiply the numerator and the
L f)=-2-z=-2-(x+5)" ! 5o its derivative R
is f’(x) 0 Ix—1x(x+5 2= = +15)2 denominator by x).
o Now note that %f—x = % = —x—f} = — f(x) so Sally is
2. Graphof f . * * *
| right.
; x=-5 ’
! ) Solution of Deriv. DrH Exercise 12.
i ! 1. filx)=x" X=x'x:=x"*1=x%.
: Therefore, fix) = 125 71 = 12—5 3= 12—5 B3 =
% X 2 xz = E 6\/_
2. fr(x)= =1 7\/_—3 1(x)

Therefore, f2 (x) 3 f1 (x) = 3 x —xﬁ\/_ x8y/x

4 4 _1 z
3. fi(x) =2 =5 =xt2 =x12.
X2

v
Therefore, fi = Ixs7l = Ixo = %x%% =
3. thmf(x) 2x x2: N
4. xl_rr_rroof ()= - Solution of Deriv. DrH Exercise 13.
5. As x approaches —5 from the right, f(x) be- Unjour....
comes infinitely large in absolute value (and ne- . . .
. R Solution of Deriv. DrH Exercise 14 .
gative) so the limitis —oco. lim f(x)= )
x—-5 Unjour....
6. As x approaches —5 from the left, f(x) becomes . . .
infinitely large (and positive) so the limit is +oco. Solution of Deriv. DrH Exercise 15.
lim f(x)= 1. f(x)= (\/_)3 xz so f(x) =x% witha = % .The-
x——5
refore its derivative is f'(x) = 3x5‘1 = %x% =
Solution of Deriv. DrH Exercise 9 . 3 SV



2. Find the derivative of f using the Chain rule. Plotting: y = —3xv/I—4x
First rewrite f(x) = u3 with u = v/x. Therefore .
f’(x)—?)u Xz\—f—g\/} XF_?)'XXZ\_f_ _ 0.2
3x _ 3xxyx _
2Vx T 2y/xxy/x \/_
1
3. fx) = (VO3 =x2 = (x )2:\/_ Vu with u = 0.1
3 ! 1 1 2 _
x°. Therefore f (xs) \F3X 3x? 1 = us x 3x
3x% _ 3x% _3x%x"2 _3x2 _3x2 _3V/x _3
A R a2
0.2 0.1 0.1 02 03
Of course, we get the same derivative each and every
time.
0.1
Solution of Deriv. DrH Exercise 16 .
1. Natural domain of f : 02
a. ux)=-2x+3)(x-7)
b. The natural domain of f is all the values of x 05
such that u(x) = 0. i.e. -3 < x < 7. (Graph u,
using the x-intercepts found in part 1). Solution of Deriv. DrH Exercise 19.
f(x) = vu(x) with u(x) —2x%+8x+42 soits de- \
! _1 —2x+4
rivative is f'(x) = f x (-4x+8) = Tviiein 4
The x-coordinate of any point where the tangent
to the graph of f is horizontal is a solution of
fl(x)=0ie x=2. 3
Function A
® f(x) = v—2x2+8x+42 |9
Line o 29
® g y=7.07 5 1.
Point 4
® A=(2,7.07) // . \\ 1 A=(3,1)
[
I 0
azwwu1z?456?s 0 1 9 3 4 5 g
_“l B
2. Solution of Deriv. DrH Exercise 17 . 2. lim,_3- f(x) =1 and lim,_3+ f(x) = 1. They are
% ((2x+5)3) = 6% (m) = 6% (ex+573) = equalso f is continu‘ous atx =3. This‘ is what we
6 % ( -3) % (2x+5) with 1 = 2x +5. fexpected from the diagram as there is no break
f10)=6x-3u x2=-36(2x+5) " = - 3. in the graph.
3. Strategy : Find the derivative on both sides of 3
] ] ) and take their limit.
Solution of Deriv. DrH Exercise 18. . , . ,
lim,_3- f'(x) =2andlim,_3+ f'(x) = 2. They are
1. Natural domain of f : equal so f is differentiable at x = 3 with f’(3) =2
This is what we expected from the diagram as
/ _a T _ A+ _18x-3
2. [0 = dx( 3xv1-4x) = V=ax+1 there is no break and no sharp corner in the
3. The x-coordinate of any point where the tangent graph.
to the graph of f is horizontal is a solution of
F0=0. f(x)=0 <> 18x-3=0 < x= é- Solution of Deriv. DrH Exercise 20 . . .
The y-coordinate of the pointis y = f (§) = -3 x 5;; —y+8=0 < y=>5x+8so the gradient of ¢ is 5.
/
l\/1—4xl:—l\/12_£ L =6x+pso f(2)=12+p.
6 6 2V3 6 Parallel lines have the same gradient so 12+ p =5 so
ANSWER : The tangent to the the graph of p=-T7.
f is horizontal at the point with coordinates
1-%)
6 6
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